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A B S T R A C T

This paper deals with Column-type Electric Power Steering systems. An ∞ state feedback Linear Parameter-
Varying controller is developed considering a parameter-dependent Lyapunov function. For practical imple-
mentation, an ∞∕2 Proportional Integral observer is added for state and driver torque estimation. The
whole observer-based control has been implemented in real-time using dSpace/MicroAutobox on a test car.
Some driving tests have been carried out on a test track, and promising results are achieved regarding both
estimation and control performances.

1. Introduction

Nowadays, modern vehicles are equipped with more and more au-
tomotive embedded systems as the famous Electronic Stability Program
and Anti-lock Braking System. Looking at the current trend concerning
autonomous vehicles, Advanced Driving Assistance Systems (ADAS) as
e.g. Lane Keeping Assistance, are common equipment now. It is worth
noting that the Electric Power Steering (EPS) system is a key component
of ADAS as shown in Matsuoka (2016). The steering system creates an
interaction between the driver and the vehicle wheels in order to turn
in the desired direction. To overcome manual steering issues (heavy
or low-geared steering), Power-Assisted Steering systems have been
developed. Moreover, EPS systems have significant advantages such as:
fuel economy, tunability of the steering feel and ease of integration with
other subsystems. Therefore, the EPS system is a relatively new trend
to equip recent cars in place of traditional Hydraulic Power Steering
(HPS) ones (see Noguchi (2001), Qun and Juhua (2009)).

Thanks to an electrical assistance motor, EPS provides an additional
torque to reduce the amount of effort produced by the driver to turn
the wheels. Today the amount of supplied power is computed in the
Electronic Control Unit (ECU) by a torque control law including an
assistance rule depending mainly on a torque sensor signal and on the
vehicle speed. Indeed, the torque sensor measures the applied steering
torque at the torsion bar level which is used to define the required as-
sistance (typically, through static base assist curves and other functions
e.g. returnability, inertia compensation, etc.) as explained in Kozaki,
Hirose, Sekiya, and Miyaura (1999), Badawy, Zuraski, Bolourchi, and
Chandy (1999). Thus, a torque sensor failure commonly leads to a
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sudden loss of assistance deteriorating driving safety and comfort.
According to new automotive safety rules ISO26262, such a situation
is expected to be avoided. The proposed solution, considered in this
study, and which is still an open problem, is to develop a controller
free of the torque sensor. This problem is tackled here in the Linear
Parameter Varying (LPV) framework.

1.1. Related works

Most of the studies concerning the control of EPS systems do con-
sider the use of the torque sensor signal (at the torsion bar). Let us
mention a few such as linear PI control design in Kim and Song (2002),
LQR in Parmar and Hung (2004), admittance control in Yang (2015),
or the fuzzy non linear control in Saifia, Chadli, Karimi, and Labiod
(2014). When this sensor is in failure, fault tolerant control strategies
have been proposed in Cholakkal and Chen (2009), Lawson and Chen
(2008) by switching to an estimation based controller when a fault
residual exceeds a defined threshold.

Now, since the driver torque is a key variable in such EPS systems
(in particular to control the steering feel), better performance and
stability margins have been obtained in Chabaan and Wang (2001)
where the EPS control was designed using the driver torque instead
of the measured torsion bar torque. Indeed some driver torque esti-
mation methods have been developed either using the torque sensor
signal (Illán, Ciarla, & De Wit, 2011), or using vehicle measurements
only (Marouf, Djemaï, Sentouh, & Pudlo, 2010).

Note that the EPS control design based on a driver torque estimation
has not been much discussed up to now. An interesting approach
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is presented in Marouf, Djemaï, Sentouh, and Pudlo (2012), Marouf,
Sentouh, Djemaï, and Pudlo (2011) where sliding mode control and
observer synthesis have been proposed.

On the other hand, the LPV approach is known to be powerful to
handle system non linearities by considering them as varying parame-
ters and/or to design gain-scheduled controllers (see Sename, Gaspar,
and Bokor (2013)). However, few studies use such an LPV approach for
EPS systems. In Rongyun, Linfeng, Wuwei, and He (2015) an LPV/∞
control has been developed to ensure performances and good driver’s
steering feel. The considered varying parameters of the LPV model are
the column stiffness, the motor magnetic reluctance and the worm/gear
reduction ratio, hardly measured or estimated in practice. In Yamamoto
and Nishimura (2011) a gain-scheduled control has been designed to
obtain an HPS like steering feel, considering two varying parameters:
the torque sensor and the vehicle speed. This seems a natural choice of
the scheduling parameters, suitable to meet the EPS requirements.

In this paper an LPV approach is proposed that accounts, in an
original parameter-dependent formulation, for an existing boost gain
(base assist) in the control structure, which is a function of the driver
torque. Compared to previous studies, the proposed design considers
the steering performance through the modelling of LPV EPS model
and concerns the design of an extended LPV state feedback, whereas
in Yamamoto and Nishimura (2011) the scheduling parameters for
the dynamic output feedback controller only appear in the weighting
functions.

1.2. Paper contribution

For the first time, a sensorless observer-based LPV state feedback
is developed for a C-EPS system (Column type EPS using an assist
motor located on the column, close to the driver), is validated with
experiments, and ensures industrial cost reduction.

The paper contributions can be summarized as follows:

• A new LPV state feedback control formulation is proposed in the
field of EPS systems. The design method is done in the 𝐻∞ frame-
work considering a parameter dependent Lyapunov function that
allows to reduce the conservatism.

• The model-based control strategy ensures stability and perfor-
mances. It can be easily reproduced by control engineers, so
leading to less development costs than an empirical approach that
may be difficult and long to be tuned. Indeed, the latter intrin-
sically needs an ad-hoc fine tuning using on-board experimental
tests, which may seem less reliable for knowledge sharing than a
model-based strategy.

• The real-time implementation uses a PI observer that estimates
the driver torque with only the steering wheel angle and motor
angle sensors (that are common on-board sensors).

• The approach is validated in real industrial experimental condi-
tions.

• Finally it is worth noting that this approach allows to reduce the
EPS production costs since it does not need any torque sensor
unlike today’s industrial systems that do need this costly sensor.

The paper is organized as follows. Section 2 presents the vehicle
experimental set-up. Section 3 gives the considered EPS system model
based on mechanical equations. Section 4 describes the control design
problem introducing an LPV EPS system model, and Section 5 is dedi-
cated to a grid-based parameter dependent LPV state feedback control
strategy. Section 6 discusses the practical implementation including the
PI observer design. Experimental results are shown in Section 7. Finally,
Section 8 draws some concluding remarks.

Fig. 1. Vehicle environment, Experimental set-up.

Fig. 2. C-EPS Dynamic Modelling.

2. Vehicle set-up

Fig. 1 presents the whole experimental vehicle environment. The
test car considered in this framework, is a Clio IV equipped with a
prototype C-EPS system using modified mechanical parameters (i.e.
pinion/rack reducer). The on board sensors are the resolver (motor
angle sensor) and the steering wheel angle sensor (these sensors are
used for observer). Also, several specific elements such as a dynamome-
ter steering wheel (for driver torque) and instrumented tie-rods (for
rack force), have been added on the vehicle for data acquisition and
validation purposes. It is worth noting that, due to the experimental
set-up, measurement noise appears on the acquired signal (in this
case represented by spike). Considering the real time part, a dSpace
rapid prototyping system has been used. Indeed, the strategy designed
under Matlab/Simulink is directly implemented on the MicroAutoBox
II hardware.

3. EPS System and modelling

In this part, the considered C-EPS system model is defined. An
illustration of the C-EPS systems, similarly as in El-Shaer, Sugita, and
Tomizuka (2009), Mehrabi, Azad, and McPhee (2011), is shown in
Fig. 2, where three main parts are involved: steering wheel, assist motor
and rack.

The following equations are obtained from Newton’s second law,
neglecting dry frictions,

• at the steering wheel:

𝐽𝑐 𝜃̈𝑐 = 𝜏𝑑 −𝐷𝑐

(

𝜃̇𝑐 −
𝜃̇𝑚
𝑅𝑚

)

−𝐾𝑐

(

𝜃𝑐 −
𝜃𝑚
𝑅𝑚

)

− 𝐵𝑐 𝜃̇𝑐 (1)
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Table 1
C-EPS system mechanical parameters.

Notation Description

𝐽𝑐 Steering column inertia
𝐵𝑐 Steering column viscous friction
𝐾𝑐 Column stiffness
𝐷𝑐 Column damping
𝐹𝑐 Steering column friction
𝑅𝑝 Pinion/rack reducer
𝑀𝑟 Rack and tie rods mass
𝐵𝑟 Rack viscous friction
𝐾𝑟 Rack stiffness
𝐷𝑟 Rack damping
𝑅𝑚 Motor reduction ratio
𝐽𝑚 Motor inertia
𝐵𝑚 Motor viscous friction
𝐹𝑚 Motor friction

Table 2
State–space representation variables.

Notation Variables Description

𝑥

𝜃𝑐 Steering wheel speed
𝜃𝑐 Steering wheel angle
𝜃̇𝑚 Assist motor speed
𝜃𝑚 Assist motor angle

𝑢 𝜏𝑚 Assist Motor Torque
𝑑 𝜏𝑑 Driver Torque
𝑤 𝜏𝑟 Road Reaction Torque

𝑦
𝜃𝑐 Steering wheel angle
𝜃𝑚 Assist motor angle

where the torque sensor signal (torsion bar torque) is considered
as:

𝜏𝑡𝑠 = 𝐾𝑐

(

𝜃𝑐 −
𝜃𝑚
𝑅𝑚

)

+𝐷𝑐

(

𝜃̇𝑐 −
𝜃̇𝑚
𝑅𝑚

)

(2)

• at the assist motor shaft:

𝐽𝑒𝑞 𝜃̈𝑚 = 𝜏𝑚 + 𝐷𝑐
𝑅𝑚

(

𝜃̇𝑐 −
𝜃̇𝑚
𝑅𝑚

)

+ 𝐾𝑐
𝑅𝑚

(

𝜃𝑐 −
𝜃𝑚
𝑅𝑚

)

− 𝐵𝑚𝜃̇𝑚 −𝐾𝑟
𝑅2
𝑝

𝑅2
𝑚
𝜃𝑚 −𝐷𝑟

𝑅2
𝑝

𝑅2
𝑚
𝜃̇𝑚 − 𝜏𝑟

𝑅𝑚

(3)

where the equivalent inertia and viscous friction are expressed as:

𝐽𝑒𝑞 = 𝐽𝑚 +
𝑅2
𝑝

𝑅2
𝑚
𝑀𝑟 (4)

𝐵𝑒𝑞 = 𝐵𝑚 +
𝑅2
𝑝

𝑅2
𝑚
𝐷𝑟 (5)

and with the position conversion from rack to pinion and from
motor to pinion as:

𝑋𝑟 = 𝑅𝑝𝜃𝑝 (6)

𝜃𝑚 = 𝜃𝑝𝑅𝑚 (7)

The mechanical parameters are described in Table 1.
From the previous mechanical equations, a state–space representa-

tion (whose matrices are defined in Appendix A) is expressed as:
{

𝑥̇ = 𝐴𝑥 + 𝐵𝑢 + 𝐸𝑑 +𝑊𝑤
𝑦 = 𝐶𝑥

(8)

where the variables are defined in Table 2.
It could be emphasized that the rack force increases as the vehicle

speed increases, as shown in Fig. 3 where the curves (rack force vs
steering wheel angle) are plotted at 15 km/h and 30 km/h. The steering
effort depends on the road reaction torque to be overcome (which is
deduced from the rack force), but the steering feel is expected to be
sensitive to a loss of adherence. Thereby the road reaction torque is not
considered in the control design problem, yet in the observer design it
is.

Fig. 3. Rack forces measured at 15 km/h and 30 km/h.

Fig. 4. EPS performance using simple controller.

4. Control design problem

Since it is related to the human feeling, the EPS performance is not
straightforward to be defined when it comes to quantification (El-Shaer,
2008). Key points to be handled in the design are the driver feeling and
the robustness.

The main requirement, is to provide a suitable assistance torque,
which is commonly achieved through a characteristic curve that en-
sures an appropriate reduction of the driver effort and shapes the assist
level (Zhang, Zhang, Liu, Ren, & Gao, 2009).

Indeed, the steering effort could be tuned using a boost gain (motor
assist torque) through a practical approach. Therefore, the base assist
depends on the driver torque 𝑑 and is represented as a simple controller
𝐾(𝑑) (since it needs a real-time implementation of the driver torque
estimation).

EPS performance could be evaluated subject to the influence of the
driver torque 𝑑 over the steering wheel speed 𝜃̇𝑐 and also the assist
motor torque 𝑢. As shown in Fig. 4 where frozen Bode plots of the
(closed-loop) system transfer functions 𝑢

𝑑 and 𝜃̇
𝑑 are given for several

chosen values of the gain 𝐾(𝑑), this characteristic curve cannot ensure
the performances of the closed-loop system, under model uncertainties
(e.g. parameter, unknown inputs) and non-linearities (e.g. friction).
Therefore, the proposed approach is to develop an LPV state feedback
controller considering an LPV EPS system model incorporating the
boost gain 𝐾(𝜌 = 𝑑).
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Fig. 5. Observer-based control structure.

Now, the performance requirements include the driving comfort and
feeling, which are considered thanks to the LPV EPS model including
𝐾(𝑑). Regarding safety, closed-loop stability is compulsory to avoid
steering wheel oscillations. Moreover the assist motor torque limitation
must be taken into account. Such performances will be handled in the
𝐻∞ framework through weighting functions, and an extended state
feedback controller will be designed for the LPV system model. More
details are provided in the next section.

On the other hand, an observer has to be developed (this is done
in Section 6), since the driver input is not measured on the real test
car. The practical scheme of the observer-based control structure is
shown in Fig. 5. The LPV extended state feedback controller 𝐹 (𝜌 =
𝑑) will be designed from a C-EPS system model incorporating the
characteristic curve 𝐾(𝑑). Furthermore, since the driver torque 𝑑 and
the state variables are not measured, a PI observer is proposed for
estimation purpose.

According to the above mentioned problem, the considered LPV EPS
system model is as follows :

𝑥̇ = 𝐴(𝜌)𝑥 + 𝐵𝑣 + 𝐸𝑑 (9)

where 𝑥 ∈ R4 is the EPS system state vector, 𝑑 ∈ R is the driver torque,
𝑣 ∈ R is the (state feedback) control input. 𝐴(𝜌) incorporates the boost
gain 𝐾(𝜌) as 𝐴(𝜌) = 𝐴 + 𝐵𝐾(𝜌)𝜏𝑡𝑠, where 𝜌 = 𝑑 (the estimated driver
torque). Details are given in Appendix B.

Remark 1. Considering implementation, the strategy is such that the
LPV state feedback controller is based on the driver torque estimation,
i.e. 𝜌 = 𝑑 since the torque sensor is assumed to be not available.
Moreover, since the driver torque acts directly on the steering feel and
on the assistance level, this parameter choice is of high interest.

Remark 2. It should be noticed that considering the vehicle speed in
the design step may improve the steering feel, since the road reaction
force is sensitive to the vehicle speed (Kozaki et al., 1999). Indeed,
based on the previous explanations, the steering torque and vehicle
speed are important to characterize EPS systems. Besides, the two
signals values are limited and also rate-bounded as the vehicle acceler-
ation and the derivative of steering torque are limited. Therefore, both
signals could be used to define the vector of parameters of the LPV
EPS system model. Nevertheless, in order to reduce the implementation
complexity, the scheduling parameter 𝜌 is defined here as the torsion
bar torque 𝜏𝑡𝑠 = 𝐶𝑡𝑠𝑥 only. In practice, 𝜌 is computed as the estimated
variable 𝑑 coming from the observer detailed in Section 6.

The following generalized assumptions are made on the vector of
varying parameters:

• 𝜌 is measurable or at least estimated, and 𝜌 ∈ 𝑋𝜌 with 𝑋𝜌 =
{

𝜌 = [𝜌1, 𝜌2,… , 𝜌𝑠] ∈ R𝑠, 𝜌𝑘 ≤ 𝜌𝑘 ≤ 𝜌𝑘
}

a compact set and 𝑘 = 1...𝑠
with 𝑠 the number of varying parameters

• 𝜌̇ the derivative of 𝜌, is bounded i.e. |𝜌̇𝑘| < 𝜈𝑘 with 𝑘 = 1...𝑠 and
𝜈 = [𝜈1, 𝜈2,… , 𝜈𝑠] ∈ R𝑠

Fig. 6. LPV State feedback Controller Design.

5. LPV State feedback controller

In this section, the design of LPV state feedback controller, based
on the previous LPV EPS model, is detailed.

5.1. LPV State feedback problem formulation

As explained in Section 4, the design objective is to find a controller
ensuring a suitable steering performance (low ripple, reduced driver’s
effort) subject to actuator constraints. To solve this problem, we have
chosen an 𝐻∞ control framework including two weighting functions in
order to handle:

• the actuator constraints through the weighting function 𝑊𝑣(𝑠) =
𝑧𝑣
𝑣 .

A low pass filter appears to be a suitable choice, since the assist
torque is provided only at low frequency (the driver torque acting
range reaches hardly 3 to 5 Hz (Badawy et al., 1999)). It is given
by the state–space representation:

𝑊𝑣(⋅)
{

𝑥̇𝑣 = 𝐴𝑣𝑥𝑣 + 𝐵𝑣𝑣
𝑧𝑣 = 𝐶𝑣𝑥𝑣 +𝐷𝑣𝑣

(10)

• the required performances according to the steering wheel veloc-
ity with the weighting function 𝑊𝑝(𝑠) =

𝑧𝑝
𝜃̇𝑐

.
In a first approach we could consider an ideal EPS behaviour of
the form 𝐽𝑐 𝜃̈ = 𝜏𝑑 as proposed in Coudon (2007). However, from a
practical point of view, a stable transfer function is preferred for
𝑊𝑝(𝑠). Hence adding 𝜃̇ in the previous ideal equation such that
𝐽𝑐 𝜃̈ + 𝐵𝑐 𝜃̇ = 𝜏𝑑 . Indeed, through the weighting function 𝑊𝑝(𝑠), it
means that a slight driver torque enables to move the hand-wheel.
It is given by the state–space representation:

𝑊𝑝(⋅)
{

𝑥̇𝑝 = 𝐴𝑝𝑥𝑝 + 𝐵𝑝𝜃̇𝑐
𝑧𝑝 = 𝐶𝑝𝑥𝑝 +𝐷𝑝𝜃̇𝑐

(11)

These chosen weighting functions are represented in Figs. 9 and 10.
In Fig. 6, the extended plant including the weighting functions to

achieve the design objectives is shown.
The augmented plant could be defined as:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

⎛

⎜

⎜

⎝

𝑥̇
𝑥̇𝑣
𝑥̇𝑝

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝐴(𝜌) 0 0
0 𝐴𝑣 0

𝐵𝑝𝐶𝜃̇𝑐 0 𝐴𝑝

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝑥
𝑥𝑣
𝑥𝑝

⎞

⎟

⎟

⎠

+
⎛

⎜

⎜

⎝

𝐵
𝐵𝑣
0

⎞

⎟

⎟

⎠

𝑣 +
⎛

⎜

⎜

⎝

𝐸
0
0

⎞

⎟

⎟

⎠

𝑑

(

𝑧𝑣
𝑧𝑝

)

=
(

0 𝐶𝑣 0
𝐷𝑝𝐶𝜃̇𝑐 0 𝐶𝑝

)

⎛

⎜

⎜

⎝

𝑥
𝑥𝑣
𝑥𝑝

⎞

⎟

⎟

⎠

+
(

𝐷𝑣
0

)

𝑣

(12)

where 𝐶𝜃̇𝑐 =
[

1 0 0 0
]

and 𝑥𝛴 =
(

𝑥𝑇 𝑥𝑇𝑣 𝑥𝑇𝑝
)𝑇

is the full state.
The generalized plant expressed in the standard 𝐻∞ control frame-

work is illustrated in Fig. 7: The parameter dependent LPV state feed-
back is designed from the previous extended state–space representa-
tion, in order to minimize the induced 2 norm from the external input
d to the controlled output vector 𝑧 =

(

𝑧𝑣 𝑧𝑝
)𝑇 , i.e. to ensure that

‖𝑇𝑧𝑑 (𝑠)‖∞ < 𝛾 (where 𝛾 is to be minimized).

126



K. Yamamoto, O. Sename, D. Koenig et al. Control Engineering Practice 90 (2019) 123–132

Fig. 7. LPV State feedback Controller Design.

Fig. 8. EPS LPV Models on a linear grid.

5.2. LPV State feedback design

Let us consider the LPV state–space representation of the general-
ized plant:
{

𝑥̇𝛴 = 𝛴 (𝜌)𝑥𝛴 + 𝑑 (𝜌)𝑑 + 𝑣(𝜌)𝑣
𝑧 = 𝑧(𝜌)𝑥𝛴 +𝑧𝑑 (𝜌)𝑑 +𝑧𝑣(𝜌)𝑣

(13)

with 𝑥𝛴 =
(

𝑥𝑇 𝑥𝑇𝑣 𝑥𝑇𝑝
)𝑇

.
It is worth noting that, in this study, as given in (12) and in

Appendix B.2, only 𝛴 (𝜌) is parameter dependent (the other matrices
are LTI).

Now, following Wu (1995), the next theorem ensures the existence
of a parameter dependent LPV state feedback controller 𝑣 = −𝐹 (𝜌)𝑥𝛴
which guarantees that the closed loop system is stable and that the
induced 𝐿2-norm from d to z less than 𝛾 > 0.

Theorem 1. Consider the LPV model (13) with parameters trajectories 𝜌
defined on the set 𝑋𝜌, and with bounded parameter variation rate |𝜌̇| ≤ 𝜈.

If there exists parameter dependent matrices 𝑃 (𝜌) = 𝑃 (𝜌)𝑇 > 0 and 𝑌 (𝜌)
such that:
⎛

⎜

⎜

⎜

⎜

⎝

𝛴 (𝜌)𝑃 (𝜌) + 𝑃 (𝜌)𝛴 (𝜌)𝑇 +
∑𝑠

𝑖=1 ±𝜈𝑖
𝜕𝑃
𝜕𝜌 ∗ ∗

+𝑣(𝜌)𝑌 (𝜌) + 𝑌 (𝜌)𝑇𝑣(𝜌)𝑇

𝑑 (𝜌)𝑇 −𝛾𝐼 ∗
𝑧(𝜌)𝑃 (𝜌) +𝑧𝑣(𝜌)𝑌 (𝜌) 𝑧𝑑 (𝜌) −𝛾𝐼

⎞

⎟

⎟

⎟

⎟

⎠

< 0 (14)

then, there exists an LPV parameter-dependent state feedback controller
which guarantees closed loop stability and an upper bound 𝛾 > 0 of the
2-gain of the closed loop system from 𝑑 to 𝑧 for any 𝜌 ∈ 𝑋𝜌.

Finally, the parameter dependent state feedback is given by: 𝐹 (𝜌) =
−𝑌 (𝜌)𝑃 (𝜌)−1.

In this work, a grid based approach is proposed since the LPV model
is not necessarily affine or rationally dependent on 𝜌. Note that a grid-
based LPV model is a collection of state–space systems on a gridded
domain of parameter values, as illustrated in Fig. 8.

In order to solve the LMI problem (14) for all point of the gridded
domain, the matrices 𝑃 (𝜌) and 𝑌 (𝜌) are expressed as a function of 𝜌
in order to compute an approximate solution over the infinite dimen-
sional set. Here, a polynomial parameter dependency has been chosen
which is close to an usual shape of the steering characteristic curve;
for more details on how to choose the parameter dependency of the
Lyapunov matrix see, Abbas, Ali, Hashemi, and Werner (2014), Wu,
Yang, Packard, and Becker (1996).

𝑃 (𝜌) = 𝑃0 + 𝜌𝑃1 + 𝜌2𝑃2 (15)

Fig. 9. Frequency response regarding performance.

Fig. 10. Frequency response regarding actuator constraint.

𝑌 (𝜌) = 𝑌0 + 𝜌𝑌1 + 𝜌2𝑌2 (16)

where 𝑃0, 𝑃1, 𝑃2, 𝑌0, 𝑌1 and 𝑌2 are constant matrices and can be found
solving (14).

The state feedback gain 𝐹 (𝜌) is obtained here by solving the LMIs
(14) for the whole gridded domain, using YALMIP interface (Löfberg,
2004) and SeDuMi solver (Sturm, 1999). An alternative solution would
be to use the toolbox LPVTOOLS (Hjartarson, Seiler, & Packard, 2015).

5.3. Frequency domain analysis

Theorem 1 has been solved using the following grid
𝜌 =

[

−10 −5 −1 0 1 5 10
]

𝑁𝑚 and considering the LPV sys-
tem designed subject to an assistance curve
𝐾(𝜌) =

[

1.5 2 1 0 1 2 1.5
]

. In this case, the grid domain
of 𝜌 has been defined up to ±10 Nm which represents the common
measuring range of a torque sensor (Bosch, 2017). Moreover, ±1 Nm
and ±5 Nm seem adequate breaking points regarding a characteristic
curve (Zhang et al., 2009) as not much assist power is required at
low steering torque contrary to high steering torque where more assist
power is expected.

In Figs. 9 and 10 the closed-loop performances for all frozen pa-
rameters of the grid, are compared with the specified design objectives.
Fig. 9 illustrates the transfer 𝜃̇𝑐

𝑑 and 𝑊 −1
𝑝 . Similarly, Fig. 10 shows the

frequency responses of 𝑣
𝑑 and 𝑊 −1

𝑣 . In both cases, the requirements
are well achieved ensuring the 𝐻∞ performance. Moreover, compared
to the Bode plots in Fig. 4 (the free of state feedback control case),
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Fig. 11. Proposed PI observer design.

Fig. 9/Fig. 10 show a low frequency attenuation around 10 Hz. Hence,
a better steer feeling is obtained as less disturbance is pulled up to the
hand-wheel, so to the driver.

6. Observer design for practical implementation

First this section details the observer proposed for practical imple-
mentation of the LPV state feedback control for the real EPS system.
Indeed a driver torque estimation method is needed, since a torque sen-
sorless EPS system is considered (the complete observer-based control
scheme is shown in Fig. 13).

The whole strategy is compared in simulation with the current
industrial solution (it is worth noting that the industrial solution uses
the torque sensor measurement).

6.1. Observer design

This section briefly recalls some results presented in Yamamoto,
Koenig, Sename, and Moulaire (2015) where an ∞∕2 PI observer
has been proposed, for more details on such observer design methods
refer to Koenig (2005).

Let us recall the EPS system state representation (8):
{

𝑥̇ = 𝐴𝑥 + 𝐵𝑢 + 𝐸𝑑 +𝑊𝑤
𝑦 = 𝐶𝑥 +𝑁𝑛

(17)

where the measured outputs are the steering wheel and assist motor
angle, usual on-board sensors in vehicles.

The road reaction force acts in low frequencies, it is a disturbance to
be rejected on the driver torque estimation process. To this aim, let us
first introduce 𝑊𝑤(𝑠) =

𝑤
𝑤̄ a weighting function to specify the frequency

range of interest on which the disturbance 𝑤 should be attenuated. The
state–space representation is expressed as:

𝑊𝑤(⋅)
{

𝑥̇𝑤 = 𝐴𝑤𝑥𝑤 + 𝐵𝑤𝑤̄
𝑤 = 𝐶𝑤𝑥𝑤 +𝐷𝑤𝑤̄

(18)

The design scheme is then given as in Fig. 11.
The Proportional Integral (PI) observer is synthesized considering

the assumption that the driver torque is slowly time varying 𝑑̇ = 0, as
in the form:
{ ̇̂𝑥𝑎 = 𝐴𝑎𝑥̂𝑎 + 𝐸𝑎𝑑 + 𝐿𝑝(𝑦 − 𝐶𝑎𝑥̂𝑎) + 𝐵𝑎𝑢

̇̂𝑑 = 𝐿𝑖(𝑦 − 𝐶𝑎𝑥̂𝑎)
(19)

where the notation −𝑎 concerns the augmented representation and 𝑥𝑎 =
(

𝑥𝑇 𝑥𝑇𝑤
)𝑇

Hence, the state–space representation of the estimation error is
given by:
{

̇𝑒𝑥 = (𝐴𝑎 − 𝐿𝑝𝐶𝑎)𝑒𝑥 + 𝐸𝑎𝑒𝑑 +𝑊𝑎𝑤̄ + 𝐿𝑝𝑁𝑛

̇𝑒𝑑 = −𝐿𝑖𝐶𝑎𝑒𝑥 − 𝐿𝑖𝑁𝑛
(20)

where 𝑒𝑥 =
(

𝑥𝑎 − 𝑥̂𝑎
)

, 𝑒𝑑 =
(

𝑑 − 𝑑
)

.
The considered observer design problem is a mixed ∞∕2 problem

subject to pole placement. It consists in finding the observer gain 𝐿𝑎 =
(

𝐿𝑇
𝑝 𝐿𝑇

𝑖

)𝑇
where the observer poles are chosen in a region of the left-

half plane (see Chilali and Gahinet (1996)), while minimizing the ∞
and 2 (generalized form in Scherer and Weiland (2000)) performance
objectives as:

Fig. 12. 𝐻∞∕𝐻2 performance evaluation according to 𝛼.

1. ‖𝑇𝑒𝑑 𝑤̄‖∞ < 𝛾∞ minimizes the effect of road disturbances on the
driver torque estimation error

2. ‖𝑇𝑒𝑑𝑛‖2 < 𝛾2 minimizes the effect of measurements noise on the
driver torque estimation error.

Theorem 2. The mixed 𝐻∞∕𝐻2 observation problem is solved if there exist
𝑃 = 𝑃 𝑇 > 0 and a matrix 𝑌 such that the following LMIs are satisfied:

𝐴𝑇
𝑎𝑑𝑃 + 𝑃𝐴𝑎𝑑 − 𝐶𝑇

𝑎𝑑𝑌
𝑇 − 𝑌 𝐶𝑎𝑑 + 2𝜆𝑚𝑖𝑛𝑃 < 0

(

𝐴𝑇
𝑎𝑑𝑃 + 𝑃𝐴𝑎𝑑 − 𝐶𝑇

𝑎𝑑𝑌
𝑇 − 𝑌 𝐶𝑎𝑑 +𝐷𝑇

𝑎𝑑𝐷𝑎𝑑 𝑃𝑊𝑎𝑑
∗ −𝛾2∞

)

< 0
(

𝐴𝑇
𝑎𝑑𝑃 + 𝑃𝐴𝑎𝑑 − 𝐶𝑇

𝑎𝑑𝑌
𝑇 − 𝑌 𝐶𝑎𝑑 −𝑌𝑁

∗ −𝐼

)

< 0
(

𝑃 𝐷𝑇
𝑎𝑑

∗ 𝛾22

)

> 0

(21)

where 𝑌 = 𝑃𝐿𝑎. The observer gain 𝐿𝑎 is deduced as 𝐿𝑎 = 𝑃−1𝑌 .
However, it is not possible to minimize simultaneously both 𝐻∞ and 𝐻2

criteria. Therefore, a linear combination of 𝛾∞ and 𝛾2 is considered to solve
the problem as follows:

𝑚𝑖𝑛 𝛼𝛾∞ + (1 − 𝛼)𝛾2 (22)

where 𝛼 ∈ [0; 1], 𝛾∞ and 𝛾2 are positive scalars.
The observer described in (19) with gain 𝐿𝑎 = 𝑃−1𝑌 , is an 𝐻∞∕𝐻2 PIO

with pole placement.

In Fig. 12, a Pareto-like optimal (trade-off) curve between 𝐻∞ and
𝐻2 performance levels (𝛾∞ and 𝛾2) illustrates the multi-objective opti-
mization trade-off . Indeed, Pareto optimality corresponds to the fact
that 𝛾∞ (𝐻∞ performance level) cannot be reduced without increasing
𝛾2 (𝐻2 performance level).

Fig. 12 displays 𝛾∞ on the 𝑥-axis and 𝛾2 on the 𝑦-axis obtained by
resolving the 𝐻∞∕𝐻2 optimal problem subject to various value on 𝛼
computed on the range [0.1 ∶ 0.9] with a step of 0.1. Considering 𝛼
close to 1 almost corresponds to solve the LMIs under 𝛾𝑜𝑝𝑡 = 𝛾∞; in
such a case 𝛾∞ decreases while 𝛾2 increases. Reciprocally, 𝛼 close to 0
almost corresponds to solving the LMIs under 𝛾𝑜𝑝𝑡 = 𝛾2; in this case 𝛾2
decreases while 𝛾∞ increases.

Furthermore, it is important to notice that the choice of the LMI
regions for pole placement may affect the global 𝐻∞∕𝐻2 performance
since a fast response requirement generates an harder constraint. To
illustrate this issue, three curves are presented according to three
different values of 𝜆𝑚𝑖𝑛 (-40, -50, -60) where a larger real part choice
involves to increase 𝛾∞ and 𝛾2.
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Fig. 13. Strategy PIO+LPV implementation on real system.

6.2. Global implementation scheme

As illustrated through the interfaces, the proposed PI observer
method requires only the following measurements: the steering wheel
angle 𝜃𝑐 and the motor angle 𝜃𝑚 which are available signals on newly
mass-produced vehicles.

Furthermore, the additional transfers 𝑊𝑣(𝑧) and 𝑊𝑝(𝑧) shown in
Fig. 13 and introduced in the design of the controller in Section 3, are
implemented to obtain the full states involved in the LPV extended state
feedback.

Remark 3. It is important to note that the whole closed-loop stability
(including the PI observer and LPV state feedback controller) has been
verified according to the robust stability characterization, considering
a parameter varying Lyapunov function (see Wu (1995)). More detailed
analysis of the effect of uncertain scheduling parameters may be studied
following Daafouz, Bernussou, and Geromel (2008).

According to implementation issue, such an observer is simple to
implement compared to a sliding mode as in Marouf et al. (2010).

6.3. Some remarks and comparison with the industrial solution that uses a
torque sensor

First, let us emphasize that the experimental tests (presented later
in Section 7) have obtained a prototype C-EPS system for which the
conditions required for the implementation of the industrial solution
are not met since it needs the torque sensor signal.

However, it seems still interesting to highlight the overall vehicle
handling (steering and feeling) achieved with the proposed method.
The aim is to ensure that the sensorless LPV solution provides as good
results as the industrial solution with the additional advantage that it
is not using the torque sensor signal (cost reduction). To this end, the
PI observer and LPV state feedback controller (as represented in Fig. 5)
have been compared to an industrial control law (structure based on a
PI controller that uses the torque sensor signal).

Considering the performance objectives, let us remind that there
are no specific quantification regarding EPS system performances (El-
Shaer, 2008). The analysis is characterized in a subjective way accord-
ing to the driver’s profile i.e. his steering feel and comfort. Nevertheless,
some guidelines allow to evaluate the steering feel issues looking at the
evolution of the driver torque 𝜏𝑑 function of the steering wheel angle 𝜃𝑐 ,
as explained in Morita et al. (2009), where, for illustration, the steering
ability is expressed as the smoothness of the curve seen in Fig. 14.

The comparison in between the industrial and the LPV solutions is
shown in Fig. 15. A sinusoidal driver input at 5 Nm, with frequency
0.05 Hz, and vehicle speed 15 km/h has been performed. Note that, in
this simulation case, the driver turns the steering wheel almost entirely
(from around −360◦ to +360◦) with a torque level of 5 Nm that can be
considered as a common assistance level. The result of the proposed
method may then be considered as convenient since it represents a
typical functional range. Moreover, the on-centre steering characteristic

Fig. 14. EPS Characteristics — Steering feeling.

Fig. 15. Controller performance comparisons at 15 kph.

is similar for both strategies, even if the steer back and steer out are
slightly different. This performance assessment emphasizes that the LPV
approach is efficient.

Hence, the LPV extended state feedback controller based on a PI
observer allows to ensure driving performances close to an existing
industrial solution, developed using an empirical approach. Moreover,
it uses only common on-board sensors (no torque sensor) and then
reduces the cost compared to the industrial solution. Besides, the closed
loop performances are achieved through the choice of the weighting
functions, that can handle as well the robustness to model uncertain-
ties. Of course a final tuning (in particular of the parameters of the
weighting functions) may sometimes be needed in order to get optimal
experimental results.

The next section presents the experimental results obtained with the
implemented LPV strategy on a test car.

7. Experimental results

In this part, the experimental facility is presented as well as some
test cases realized at two different vehicle speeds: low (15 km/h) and
average (30 km/h).

7.1. Experimental facility

The test track on which the experiments are carried out is shown
in Fig. 16. The various patterns drawn on the ground allow to evaluate
the EPS system handling performances at different vehicle speeds.

7.2. Vehicle tests at 15 km/h

For the driver, this test consists in turning the steering wheel over
the entire operating range at 15 km/h (in order to travel on the full rack
stroke). Therefore, the test is referred to as a lock-to-lock manoeuvre,
performed at slow dynamics. Indeed, the variations of the steering
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Fig. 16. Test track.

Fig. 17. Steering wheel speed and angle evolution at 15 km/h.

wheel angular position and speed during the test are shown in Fig. 17.
The steering wheel speed is less than 100◦∕𝑠 and the maximum angle is
around ±630◦ (this wide range is characteristic of the considered C-EPS
prototype).

Fig. 18 shows the comparison between the measured (green) and
estimated (red) driver torque. A quantitative error analysis is performed
using both following criteria:

• Root Mean Square Error (RMSE)

𝑅𝑀𝑆𝐸 =

√

∑𝑛
𝑖=1

(

𝑑 − 𝑑
)

𝑛
(23)

where 𝑑 is the measured driver torque and 𝑑 is the estimated
driver torque obtained from the PI observer.

• Normalized Root Mean Square Error (NRMSE) over the range of
the measured data [𝑑𝑚𝑖𝑛; 𝑑𝑚𝑎𝑥].

𝑁𝑅𝑀𝑆𝐸 = 𝑅𝑀𝑆𝐸
𝑑𝑚𝑎𝑥 − 𝑑𝑚𝑖𝑛

(24)

Here, the following values are obtained:
RMSE = 1.15 Nm and NRMSE = 4.84%.
The implemented observer then provides a good estimation of the

driver torque.
Fig. 19 shows the evolution of the EPS torque inputs. The assistance

torque (purple) provides some additional torque to the driver (green) in
order to reduce the required effort to overcome the road reaction torque
(blue). Note that the amount without assistance would be large (around
∼ 12 Nm) whereas, thanks to the proposed strategy, the average steering
torque is close to 6 Nm. The assist motor reduces almost by half the
effort required by the driver. It could also be noticed that the assist
torque increases for large steering wheel ranges.

7.3. Vehicle tests at 30 km/h

In this case, the driver performs a sinus manoeuvre at 30 km/h, with
a steering action on a nominal angular range (without loss of grip) in

Fig. 18. Driver torque estimation at 15 km/h. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 19. Evolution of involved torques 15 km/h. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 20. Steering wheel speed and angle evolution at 30 km/h.

low frequency. The variations of the steering wheel angular position
and speed during this test are shown in Fig. 20. The steering wheel
speed remains lower than 100◦∕𝑠 and the driver makes almost one turn
of the handwheel at each side, ±360◦.

In Fig. 21, a comparison between the measured (green) and esti-
mated (red) driver torque is shown. The quantitative error analysis
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Fig. 21. Driver torque estimation at 30 km/h. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 22. Evolution of involved torques 30 km/h. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

gives:

RMSE = 1.27 Nm and a NRMSE = 5.75%,

which means that a good estimation is obtained even at a nominal
vehicle speed of 30 km/h.

Fig. 22 shows that the driver torque (green) and the assistance
torque (purple) act in the same direction (the torque distribution is
almost fifty-fifty) to counteract the road reaction torque (blue). How-
ever, when an higher road torque (∼ 17 Nm) is applied at 30 km/h, the
driver’s effort reduction at large steering wheel turn is less important.
This could be improved by considering the vehicle speed in the control
design step.

Finally, in Fig. 23, the hysteresis curve of the driver torque w.r.t
the steering wheel angle allows to evaluate the EPS performance, as
suggested in Yamamoto and Nishimura (2011). Let us notice that, for
the test at 15 km/h, the driver torque in the steering wheel centre (i.e.
for steering angles < 90◦) is less than 5 Nm, then it increases for large
steering wheel angle ranges, but, still, it remains at an acceptable level
< 10 Nm. Moreover, the driver torque for the test at 30 km/h is higher
than the one at 15 km/h, which meets the EPS system requirements
regarding feeling consistency.

8. Conclusion

This paper has presented the design and implementation of an LPV
state feedback controller based on a PI observer, for a C-EPS system,

Fig. 23. Hysteresis 𝜃𝑐 VS 𝜏𝑑 at 15 km/h and 30 km/h.

without using any torque sensor. The observer has been designed
subject to pole placement and ∞∕2 minimization objectives. For
control purpose, the EPS system model is written as an LPV system,
function of the driver torque, and an LPV state feedback controller has
been designed using the gridding approach. Although the sequential
design does not guarantee the closed-loop stability of the non-linear
system, robust stability has been verified a posteriori, which has been
confirmed experimentally. According to the experimental results, the
proposed method performs an accurate estimation of the driver torque
while providing a suitable amount of assistance to the driver.

Finally, this approach tends to meet cost competitiveness through
reducing EPS production costs, by removing the torque sensor and
by providing a model-based control strategy that ensures stability and
performances and that can be easily reproduced by control engineers.
This study is then a proof-of-concept of the industrial interest of torque
sensorless controlled C-EPS systems.

Future works may concern the improvements of the observer perfor-
mances considering some uncertainties for the mechanical parameters
(for instance, damping or viscous friction values). Furthermore, the LPV
control may be extended considering additional varying parameters as
the vehicle speed.
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Appendix A. Matrices C-EPS system model

The state–space matrices for the C-EPS system (8) are defined as
follows:

𝐴 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−𝐷𝑐+𝐵𝑐
𝐽𝑐

𝐷𝑐
𝑅𝑚𝐽𝑐

−𝐾𝑐
𝐽𝑐

𝐾𝑐
𝑅𝑚𝐽𝑐

1 0 0 0
𝐷𝑐

𝑅𝑚𝐽𝑒𝑞
𝑎32

𝐾𝑐
𝑅𝑚𝐽𝑒𝑞

𝑎34
0 0 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

where 𝑎32 = − 1
𝐽𝑒𝑞

(

𝐷𝑐
𝑅2
𝑚
+𝐷𝑟

𝑅2
𝑝

𝑅2
𝑚
+ 𝐵𝑚

)

and 𝑎34 = − 1
𝐽𝑒𝑞

(

𝐾𝑐
𝑅2
𝑚
+𝐾𝑟

𝑅2
𝑝

𝑅2
𝑚

)

.
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Table C.3
List of useful notations.

Notation Description

𝜏𝑑 driver torque
𝜃𝑐 steering wheel angle
𝜏𝑚 assist motor torque
𝜃𝑚 assist motor angle
𝑊𝑥(⋅) Weighting functions
EPS Electric Power Steering
LMI Linear Matrix Inequality
LPV Linear Parameter Varying
LTI Linear Time Invariant
PIO Proportional Integral Observer

𝐵 =

⎛

⎜

⎜

⎜

⎜

⎝

0
0
1
𝐽𝑒𝑞
0

⎞

⎟

⎟

⎟

⎟

⎠

, 𝐸 =

⎛

⎜

⎜

⎜

⎜

⎝

1
𝐽𝑐
0
0
0

⎞

⎟

⎟

⎟

⎟

⎠

, 𝑊 =

⎛

⎜

⎜

⎜

⎜

⎝

0
0
1

𝑅𝑚𝐽𝑒𝑞
0

⎞

⎟

⎟

⎟

⎟

⎠

and the output matrix 𝐶 =

(

0 1 0 0
0 0 0 1

)

.

Appendix B. Matrices C-EPS LPV system model

B.1. Expressed C-EPS LPV system

The state–space matrix 𝐴(𝜌) in (9) is further expressed below,
recalled that 𝐾(𝜌) is a scalar.

𝐴(𝜌) =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−𝐷𝑐+𝐵𝑐
𝐽𝑐

−𝐾𝑐
𝐽𝑐

𝐷𝑐
𝑅𝑚𝐽𝑐

𝐾𝑐
𝑅𝑚𝐽𝑐

1 0 0 0
𝐷𝑐
𝐽𝑒𝑞

(

1
𝑅𝑚

+𝐾(𝜌)
)

𝐾𝑐
𝐽𝑒𝑞

(

1
𝑅𝑚

+𝐾(𝜌)
)

𝑎𝑟33 𝑎𝑟34
0 0 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

where 𝑎𝑟33 = − 𝐷𝑐
𝐽𝑒𝑞𝑅𝑚

(

1
𝑅𝑚

+𝐾(𝜌)
)

− 1
𝐽𝑒𝑞

(

𝐷𝑟
𝑅2
𝑝

𝑅2
𝑚
+ 𝐵𝑚

)

and 𝑎34 =

− 𝐾𝑐
𝐽𝑒𝑞𝑅𝑚

(

1
𝑅𝑚

+𝐾(𝜌)
)

− 𝐾𝑟
𝐽𝑒𝑞

𝑅2
𝑝

𝑅2
𝑚

.

B.2. Generalized LPV EPS system

The matching between both expressions (12) and (13) is: 𝛴 (𝜌) =
⎛

⎜

⎜

⎝

𝐴(𝜌) 0 0
0 𝐴𝑣 0

𝐵𝑝𝐶𝜃̇𝑐 0 𝐴𝑝

⎞

⎟

⎟

⎠

, 𝑣(𝜌) =
⎛

⎜

⎜

⎝

𝐵
𝐵𝑣
0

⎞

⎟

⎟

⎠

, 𝑑 (𝜌) =
⎛

⎜

⎜

⎝

𝐸
0
0

⎞

⎟

⎟

⎠

, 𝑧(𝜌) =

(

0 𝐶𝑣 0
𝐷𝑝𝐶𝜃̇𝑐 0 𝐶𝑝

)

, 𝑧𝑣(𝜌) =
(

𝐷𝑣
0

)

, 𝑧𝑑 (𝜌) = 0.

Appendix C. List of notations

In the table Table C.3, some recursive notations have been summed
up.
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